Infinite-dimensional p-adic groups, semigroups 
of double cosets, and inner functions on 
Bruhat— Tits builldings 

Yury A. Neretii^] 

We construct p-adic analogs of operator colligations and their characteristic func- 
tions. Consider a p-adic group G = GL(a + fcoo,Qp), its subgroup L — 0(fcoo,O p ), 
and the subgroup K = 0(oo,O p ) embedded to L diagonally. We show that double 
cosets F = K\G/K admit a structure of a semigroup, F acts naturally in K-fixed vec- 
tors of unitary representations of G. For any double coset we assign a 'characteristic 
function', which sends a certain Bruhat -Tits building to another building (buildings 
are finite-dimensional); image of the distiguished boundary is contained in the distin- 
guished boundary. The latter building admits a structure of (Nazarov) semigroup, the 
product in T correponds to a point-wise product of characteristic functions. 

1 Introduction 

1.1. Olshanski's theory. In [25], [26], [27] Olshanski proposed a formalism 
for representation theory of infinite-dimensional classical groups and infinite 
symmetric groups. This formalism incorporates earlier works of Berezin, Shale, 
Stincspring, Thoma, Vcrshik, Kerov, works of Olshanski himself and is a base 
for later works on infinite-dimensional harmonic analysis |29j . [T], [5]. Also it is 
a base for some works on representation theory of the group of diffeomorphisms 
of the circle and its p-adic analog ([15], [14], [16] , Chapter VII and Sections 
IX.5-IX.6). 

An important clement of Olshanski's technology is semigroups of double 
cosets. Let G be an infinite-dimensional group and K C G be a subgrou 
Quite often double cosets K \ G/K admit a natural structure of a semigrou 
these semigroups act in spaces of K-6xed vectors in unitary representations. 

1.2. p-adic groups. As far as I know, a representation theory of infinite- 
dimensional classical p-adic groups in this moment does not exist, however there 
is one serious work of Nazarov [12] (also [13]) on this topic. 

Recently it was shown that Olshanski's formalism admits an essential exten- 
sion, see [TS]-[3T], this allows to return to the question about representations 
of infinite-dimensional p-adic groups. Our topic is semigroups of double cosets, 
we get an analog of construction of [TH] ■ 

Note that in this case the analogy between Bruhat-Tits buildings and Rie- 
mannian noncompact symmetric spaces remains to be as mysterious as usual 
(see, e.g., [II], [53], |T2], 0], [II], 0, M)- 



1 Supported by the grant FWF, Project 22122, and by RosAtom, contact 
H.4e.45. 90.11. 1059. 

2 This phenomenon was firstly observed by Ismagilov [B], [7] for groups SL n over non-local 
non-archimcdian fields, in this case Hecke algebras degenerate to semigroups. 
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1.3. Inner functions. A holomorphic function f(z) in a unit disk z < 1 is 
called inner, if \f(z)\ < 1 for \z\ < 1 and 

lim \f(re ie )\ = 1 a.s. 6 G [0,2tt], (1.1) 

i — > l - 

where £ = re lS and r, are rea0. Inner functions is a classical topic of function 
theory, see, e.g., [2J. There are several extensions of this notion. 

1) A holomorphic matrix-valued (operator-valued) function f(z) in the unit 
disk is called inner if ||/(z)|| ^ 1 for \z\ < 1 and boundary values of / on the 
circle are unitary. 

2) More generally consider a pseudo-Euclidean space with inner product 
{•, •). We say that an operator g is an indefinite contraction, if (gv,gv) ^ {v,v) 
for all v (see, e.g., [22], Section 2.7). We say that a meromorphic matrix-valued 
function / is inner if it is indefinite contractive in the disk and pseudo-unitary on 
the unit circle. Such functions is a classical topic of spectral theory of non-self- 
adjoint operators (starting works of Livshits and Potapov, end 40s-beginning 
of 50s, see [TO], [30]). 

3) Some semigroups of double cosets (as O(oo) \ GL(oo + a, M)/O(oo), etc.) 
can be realized as semigroups of inner functions in the sense 2), see [50] , [TO] . 
Section IX.4. 

4) In the recent work [19] , [20] it was shown that quite general semigroups of 
double cosets can be realized as semigroups of multivariate inner functions. In 
fact we get holomorphic maps sending Hcrmitian symmetric spaces to Hermitian 
symmetric spaces such that Shilov boundaries fall to Shilov boundaries. 

In the present paper we extend the last construction to p-adic case. For a 
double coset we assign a map from a Bruhat-Tits building fi to a Bruhat-Tits 
building S such that image of the distiguished boundary is contained in the 
distinguished boundary. We also have a structure of a semigroup on the set of 
vertices of building 5 (the Nazarov semigroup) and the product of double cosets 
corresponds to pointwise product of maps Q — > H. 

1.4. Notation. Let 

— A be the transposed matrix; 

— l a , ly be the unit matrix of order a, the unit operator in a space V; 

— Q p be the p-adic field; 

— O p be the ring of p-adic integers; 

— Qp, C x be multiplicative groups of Q_ p , C. 

We denote the standard character Q p — > C x by exp{27ria}, 

exp{27ria} = exp|27ri a,jp j | := exp|2-7ri a j,P , 'l 
Below we define: 

3 We can not write z — ¥ e , an inner function can be discontinuous in all points of the 
circle. 
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- GL(n,Q p ), Sp(2n,Q p ), Sp(2n,Q p ), 0(n,O p ), GL(oo,Q p ), Sp(2oo,Q p ), 
etc., Subsection [2J] 

— G, K, Subsection O 

- g * f), Subsection 12.21 

- g*, Subsection 12.51 

- R±, B?, , Subsection 13. II 

- Rj /■ R, MM 

- LMod(V), LLat(V), LGr(V), Subsection E2] 

- A(V), Bd(V), Subsections EH E3J 

- P : V =} W, kerP, indef P, domP, imP, P D , Subsection Ell 

- Naz, Naz, Naz, Subsections 1331 E7TUI 

- We, Subsection EH] 

- X B {Q,T), Subsection 4.1. 



2 Multiplication of double cosets 

2.1. Groups. By V = Q™ we denote linear spaces over Q p . Denote by 
GL(n, Q p ) = GL(V) the group of invertible linear operators in Q"; by GL(n, O p ) 
the group of all matrices g with integer elements, such that g~ x have integer 
elements. 

Consider a space V — Q p ™ equipped with a non-degenerate skew-symmetric 

bilinear form By, say ^ ^ ^ . The symplectic group Sp(2n,Q p ) is the group 

of matrices preserving this form, Sp(2n, O p ) is the group of symplectic matrices 
with integer elements. 

Also, consider a space Q™ equipped with the standard symmetric bilinear 
form (v,w) — V j Wj . We denote by 0(n,Q p ) the group of all matrices pre- 
serving this fornQ 

By GL(oo, Q p ) we denote the group of all infinite invertible matrices over 
Q p such that g — 1 has only finite number of non-zero elements. We call such 
matrices finite. We define GL(oo,Op), Sp(2oo,Q p ), Sp(2oo,Op), 0(oo,O p ) in 
the same way. 

2.2. Multiplication of double cosets. Let 

G := GL(cx), Qp) := GL(a + /coo, Q p ) 

be the group of finite block (a + oo + • • • + oo) x (a + oo + • • • + oo)- matrices 
(there are k copies of oo). By K we denote the group 

K = 0(oo,Op) 

4 There are several non-equivalent non-degenerate quadratic forms and several different 
orthogonal groups over Q p , however we consider only this group. 
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embedded to G by the rule 



3 : u i— > 
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(2.1) 



where 1 Q denotes the unit matrix of order a. 

We wish to define a structure of a semigroup on double cosets K \ G/K. 
Set 
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Let g, f) £ K \ G/K. Choose their representatives g, h £ G. Consider the 
sequence 

f N := g3(Q N )h 
and double coset fx containing /at. 

Theorem 2.1 a) T/ie sequence f^v «s eventually constant. 

b 77ie /imii f := lim^^co fjv does no< depend on a choice of representatives 
9, h. 

c) The product g * f) m K \ G/K obtained in this way is associative. 

These statements are simple, see proofs of parallel real statements in [20] . 
Also, it is easy to write an explicit formula for the product. For definiteness, 
set k = 2. Then 
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Since a result is double coset, we can write the final matrix in different forms, 
say 
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2.3. Multiplicativity theorem. Let p be a unitary representation of G, 
denote by H K the subspace of all K-fixed vectors. Denote by P K the operator 
of projection to H K . For g £ G consider the operator p(<?) : iJ K — > if K given 

by 

pis) := P K P (g) 

Obviously, ~p(g) is a function on double cosets K \ G/K, therefore we can write 
P(fl). 

Theorem 2.2 For an?/ unitary representation p, for all Q, f) € K \ G/K t/ie 
following equality [the "multiplicativity theorem") holds, 

P(fl)p(f)) = P(fl*f))- 

We give a proof in Section 6. 

2.4. Sphericity. Set a = 0. 

Proposition 2.3 TTie pair (G,K) is spherical, i.e., for any irreducible unitary 
representation of G £/ie dimension of the space of~K.-fixed vectors is ^ 1. 

We omit a proof, it is the same as for infinite-dimensional real classical 
groups, see [20] . 

2.5. Involution. The map g H> g^ 1 induces an involution i-> g* on 
K\ G/K. Evidently, 

(s*b)* = f)**fl*. 

Also, for any unitary representation p of G we have 

P(0*) = P(£>)*- 

2.6. Purpose of the work. Our aim is to describe this multiplication in 
more usual terms. More precisely, we wish to get p-adic analogs of multivariate 
characteristic functions constructed in [20], [19] , 

2.7. Structure of the paper. In Section 2 we define multiplication of 
double cosets. Section 3 contains preliminaries (lattices, Bruhat-Tits buildings, 
relations, Weil representation of Nazarov category). A main construction (char- 
acteristic functions of double cosets and their properties) is contained in Section 
4. Proofs are given in Section 5. In Section 6 we prove the multiplicativity the- 
orem, Section 7 contains some simple results on representations. 
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3 Preliminaries. Modules, relations, buildings, 
Nazarov category, and Weil representation 

3.1. Modules. Below the term submodule means an O p -submodule in a linear 
space V = Qp. For each submodule R C Q™ there is a (non-canonical) basis 
e 4 S Qp such that 

R = Q P ei © • • • © Q p ej © O p e i+ i © • • • © Q p e;. 

If j = n we have a linear subspace. If j = 0, 1 = n, then we get a lattice. A formal 
definition is: a lattice i? is a compact O p -submodule such that Q P R = Q™. For 
details, see, e.g., [52] , 

Denote by Mod(y) the set of all submodules in V, by Lat(V) the space of 
all lattices. It is easy to see that 

LatOO ~ GL(V,Qp)/GL(V,O p ). 

For any submodule R denote by R^ the maximal linear subspace in R. By 

fit 

we denote the minimal linear subspace containing R. The image of R in 
R?/R± is a lattice. 

Conversely, let L C M be a pair of subspaces and P C M/L be a lattice. 
Then P + L is a submodule and all submodules have such form. 

3.2. Convergence on Mod. Let V = Qp. We define a norm on V as 

= max \xj\. 

3 

Denote by B(p l ) the ball with center at of radius p l . 

The space Mod(V) admits a natural topology of a compact space, we say that 
Rj converges to R if for each m we have a convergence B(p l )Ci Rj — > B(p l )dR 
in the sense of Hausdorff metric. In this topology the space Lat(F) is a discrete 
dense subset in Mod(V). 

We need an analog of the radial limit (jl.lj) and prefer another convergence. 

We say that a sequence Rj converges to R (notation Rj /* R) if 

— for any compact subset S C R we have S C Rj starting some place. 

- for each e > 0, for sufficiently large j the set Rj is contained in the 
e-neighborhood of R. 

Lemma 3.1 If Rj /* R, then (Rj)i C R± and (Rj)^ D RJ starting some j. 

In particular, a convergent sequence of linear subspaces is eventually con- 
stant. 

Lemma 3.2 a) Let L C V be a linear subspace. If Rj /• R, then (L n Rj) /* 
(L n R). 

b) Let M C V be a linear subspace, denote by it the natural map V — > V/M . 
If Rj / R then n(Rj) / n(R). 
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This is obvious. 

3.3. Self-dual modules. For details, see [35], Sections 10.6-10.7. Consider 
a p-adic linear space V ~ Q 2 ™ equipped with a nondegenerate skew-symmetric 
bilinear form By(-,-) ( as above). We say that a subspace L is isotropic if 
By(v,w) — for all v, w S V. By LGi(V) we denote the set of all maximal 
isotropic (Lagrangian) subspaces in V (their dimensions = n) . By L 1 - we denote 
the orthocomplement of a subspace L. 

If P is a submodule, denote by P^ the dual submodule, i.e., the set of vectors 
w such that B(v, w) £ Q p for all v G P. If P is a subspace, then P^ = P. 

We say that a submodule i? C V is isotropic if Pyl' 1 ','^) S O p for all v, 
w e R. 

Example. If R is a linear subspace, then R is isotropic in the usual sense. 
On the other hand the lattice O 2 ™ is isotropic (and self-dual, see below). □ 

We say that a submodule R is self-dual if it is a maximal isotropic submod- 
ule in V. Equivalently, P^ = P. Denote by LMod(F) the set of self-dual 
submodules, by LLat(F) the set of all self-dual lattices. It is easy to show that 

LLat(F) = Sp(2n,Q p )/Sp(2n,O p ). 

For any self-dual submodule R the subspace Pj. is isotropic, and R? is or- 
thocomplement of Ri with respect to the bilinear form. The submodule R has 
the form R± + S, where S is a self-dual lattice in R^ /R±. 

It is convenient to reformulate a definition. Define a bicharacter /3 on V x V 

by 

/3(x,y) = exp{2iriB(x,y)} 

We say that a module P is isotropic if f3(x,y) = 1 on P x P. A module is 
self-dual if it is a maximal isotropic module. 

3.4. Almost self-dual modules. Let V and B be same as above. A 
submodule L in V is almost self- dual if it contains a self-dual module M and 
B(v,w) e j3 _1 O p for all v, w G L (see, e.g., [TB], Section 10.6). Notice that 
L/M ~ Zp with k = 0, 1, . . . , n. Any almost self-dual module can be reduced 
by a symplectic transformation to the form 

(O p ei © O p e„+i) © • • • © (O p e k © O p e„ +fc )© 

© (p~ O p e k+ i © Ope n+fc+ i) © • • • © (p~ O 

© Q p e m+ i © • • • © Q p e„ (3.1) 

We draw an oriented graph A(V). Vertices are almost self-dual modules. If 
R D R' then we draw an arrow from L to L' . 

Note that If R, R' are connected by an arrow, then R^ = (R') l and i? 1 ' = 
(R')T. 

Any pair of lattices can be connected by an (non-oriented) way. Denote the 
subgraph whose vertices are lattices by A (V^). 
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More generally, fix an isotropic subspace L and consider the subgraph Al(V) 
whose vertices are almost self-dual lattices R such that R± = L, RJ = L , We 
get a connected subgraph, moreover 

AiOO^AolL 1 /!). 

We get 

A(V) = |J A L (V). 

L is isotropic subspacc 

If L C M, then Am is contained in the closure of Al in the sense of /~- 
convergence. 

3.5. Buildings, for details, see [3], [S]. Now we consider all fc-plets of 
vertices of A(V) that are pairwise connected by edges. 

First, consider the subgraph An.. It can be shown that k ^ n + 1 and each 
fc-plet is contained in a (non-unique) (n+ l)-plet. In this way we get a structure 
of an n-dimensional simplicial complex, it is called a Bruhat-Tits building. We 
denote it by Bd{V). 

For a subgraph we get a simplicial complex isomorphic Bd(i ± /L). 

3.6. Relations. Let V, W be linear spaces. We say that a relation P : 
V =$ W is a submodule in V © W. 

Example. Let A : V — > W be a linear operator. Then its graph is a relation. 

□ 

Let P : V =t W, Q : W =^ Y be relations. We define their product 
S = QP : V =t Y as the set of all v © y e V © Y" for which there exists w G W 
such that v®w^P,w(ByEQ. 

For a relation P : — > W we define its kernel as 

kerP = pn (y ©0), 

the indefiniteness 

indefP = Pn(0©y), 

the domain of definiteness 

domP = projection of P to V, 

and the image 

im P = projection of P to VF. 

We define the pseudo-inverse relation P D : W ^ V being the same submodule 
in W © V. Evidentely, 

(PQ) D = Q D P D . 

3.7. The reformulation of the definition of product. We keep the 
same notation. Consider the space Z :— V ®W @W @Y and submodulcs of Z: 

— the subspace H consisting of vectors v © w ffi w © y; 
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Vertices of the central piece of the subcomplex are almost self-dual lattices of 
the form L = p kl Q p ei ®p k2 O p e 2 ®p ll O p e 3 ®p l2 O p e 4 . They are almost self-dual 
iff fci + li, k 2 + l 2 are or —1. We also present limit points of this subcomplex. 

1) Four boundary pieces correspond to almost self-dual submodules containing 
a line Q p e 3 , e.g., M = Q p ei © p m2 O p e 2 ©p m2 O p e 4 . A sequence of lattices 
converges to M only if k\ — > —00 and k% — m 2 starting some place. 

2) Four extreme points correspond to Lagrangian planes, e.g., N — Q p ei©Q p e4. 
A sequence of lattices converges to iV if ki — > +00, k 2 — > —00. 

Figure 1: A reference to Subsections 13.21 1 3.41 A subcomplex ('appartaments') 
of the building Bd(Ql). 
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— the subspace A consisting of vectors © w © w ® 0; 

- the submodulc P © Q C {V © W) © (W © F). 
Then we do the following operations: 

- consider the intersection R ~ H D (P ® Q) 

- consider the map 0:W->%/.4~V©F 
Then QP = 6(R). 

3.8. Action on submodules. Let P : V =$ W be a relation, TcF. We 
define the submodule PT C IV as the set of w G W such that there is v G T 
satisfying t> © 10 G P. 

Remark. We can consider a submodule T c as a relation =4 V. 
Therefore we can regard PT : =| as the product of relations T : =4 V 
andQ :V ^W. □ 

3.9. The Nazarov category. For a pair V, W of symplectic linear spaces 
we define a skew-symmetric bilinear form B° on V © W by 

B e (v © to, u' © tt/) = Bv(v, v') — Bw{w, w'). 

Denote by 

- Naz(y, W) the set of all self-dual submodules ofV (BW; 

- Naz(y, W) the set of P G Naz(V, W) such that kerP and indef P are 
compact. 

Theorem 3.3 a) If P G Naz(V,W), Q G Naz(W,F), tten QP G Naz(V,F). 

b) // P G Naz(F, W), Q G Naz(W, F) } tfien QP G Naz(V, F). 

c) If P G Naz(V, W), Q G Naz(TV, F) are lattices, then QP is a lattice. 

The statement a) was proved in Nazarov [T2J (see also [22], Section 10.7), c) 
is obvious. Proof of b) is identical to proof of a). 

Thus we get two similar categorieU, Naz and Naz. The group of automor- 
pisms of an object V is the symplectic group Sp(V,Q p ) (for both categories), an 
operator V — > V is symplectic iff its graph is isotropic with respect to the form 
B e . 

For P G Naz(V, W), we have 

(ker P)^ = dom P, (indef P)^ = im P 

((kerP)^ = (domPf, ((indef P)^ = (imP)\ 

3.10. Extended Nazarov category. Now we add to the Nazarov category 
an infinite-dimensional object V2oo- This is the space of vectors 

(xf, x~2, ■ ■ ■ , Xi , x%~ , ■ ■ ■ ), where 2^ G Q p and x^ G O p for almost all j. 

5 The Nazarov category is an analog of Krein-Shmulian type categories, see |16j . |22| 
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Notice that V200 is not a linear space. 

We introduce a bicharacter /?(-, •) on V200 © ^200 by 

00 00 
P(x, y) = exp 2m y ^2 l {x$yJ - xjy+) := J| exp{2ni(xfyj - . 
j=i i=i 

Notice that almost all factors of the product equal to 1. The sum in square 
brackets defining a symplectic form is not well defined, more precisely it is well 
defined modulo © p . 

Objects of the extended Nazarov category Naz are finite-dimensional spaces 
V equipped with skew-symmetric non-degenerate bilinear forms By and with 
the corresponding bicharacters /3y and also the space V200 ■ 

Let V, W be two objects. We equip their direct sum with a bicharacter 

PV(BW(V © W, tf © w') = — ) '-. 

P w (w,w') 

A morphism of the category Naz is a self-dual submodule P <ZV ®W such that 
kerP and indef P are compact. 

Group Sp(2oo, Q p ) of automorphisms of V200 consists of 2oo x 2oo matrices 

r = I a such that 



c d 1 

— all but a finite number of matrix elements are integer; 

— matrix elements ay, by, cy, rfy tend to as i — > 00 for fixed j; also they 
tend to as j -> 00 for fixed i; 

— matrices are symplectic in the usual sense, 

•••(- ! ;>-(-°i ;)-(-. 

3.11. Heisenberg groups. For the sake of simplicity, set p > 2. Denote 

by T p C C x the group of roots of unity of degrees p, p 2 , p 3 , Let V be an 

object of the Nazarov category. We define the Heisenberg group Hcis(y) as a 
central extension of the Abelian group V by T p in the following way. As a set, 
Heis(V) ~ V x T p . The multiplication is given by 

(v,X) ■ (w,n) = (v + w,\fi- P v (v,w)). 

For a finite dimensional V we define a unitary representation ^> of Hcis(T^) 
in L 2 (Qp) by the formula 

© v-,X)f(x) = Xf(x + v+) exp{2™(£ v+x, + i ^ v+ V r)}. (3.2) 

Next, consider the space £oo consisting of sequences z — (z\, z%, . . .) such 
that \zj\ ^ 1 for all but a finite number of j. This space is an Abelian locally 
compact group, it admits a Haar measure. On the open subgroup 02° C £00, 
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the Haar measure is a product of probability Haar measures on O p . The whole 
space £"00 is a countable disjoint union of sets u + 02°. 

We define the representation of the group Heis(V 2 oo) in L 2 (£ 00 ) by the same 
formula (pHj) . 

3.12. The Weil representation of the Nazarov category. See [T2"] . 
[IB] , for finite-dimensional case, see 22 , Chapter 11. 

Theorem 3.4 For a In- dimensional object of the category Naz we assign the 
Hilbert space H(V) := L 2 (Q p l ). For the object V200, we assign the Hilbert space 
H(V 2oo ) :=L 2 (foo). 

a) Let V, W be objects of Naz. Let P be a a morphism of category Naz. 
Then there is a unique up to a scalar factor bounded operator 

We(P) : H(V) -> H(W) 

such that 

V(w, l)We(P) = We(P)#(t>, 1) for allv®w e P. 

b) Let V, W, Y be objects of Naz. Let P : V =4 W, Q : W =4 Y be 
morphisms o/Naz. Then 

We(Q)We(P) = s • We(QP), 

where s G C x is a nonzero scalar. In other words, we get a projective represen- 
tation of the category Naz. Also, 

We(P D ) =*• We(P)*, teC x . 

For symplectic groups Sp(2n,Q p ) = Aut(Q 2 ") the representation We(g) co- 
incides with the Weil representation. 

We present explicit formulas for some morphisms. First, let V = W and 
P be a graph of a symplectic operator. There are simple formulas for special 
symplectic matrices: 



We 



(0 A ?-i)/W = |detA| 1 / 2 /(zA); (3.3) 

We (J fj f(z) - eKpimzBz*}] 

We (-1 o) /(z) = ^ f(x)exp{2 m xz t }dx. 

Any element of Sp(2n, Q p ) can be represented as a product of matrices of such 
forms, this allows to write an explicit formula for any element of Sp(2n, Q p ). 

Denote by I(x) the function on Q p defined by 



I(x) = 



1, 

0, otherwise. 
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Let V = Ql n , W = V © Y, where Y = Qj™ or v 2oo . Denote by Y(O p ) the 
lattice Op™ or Op°° respectively. Denote by 

\lr:V^W 

the direct sum of the graph of the unit operator ly : V — > V and the lattice 
Y(O p ) C Y. Then 

We(A^) f{x u . . . , x n , yi, y 2 , ■ ■ ■ ) = f(xi, ...,x n ) I(y 1 )I(y 2 ) . . . 

Next, denote by 



the direct sum 



Then 



ly © (Y(O p ) © Y(O p )) C (V © V) © (y © Y). 



Ow - rfv i^w) i - C (^w) *w - l v- (3.4) 

The operator We(9y V ) is the orthogonal projection to the space of functions of 
the form 

f(x 1 ,...,x n )I(y 1 )I(y 2 )..- 



4 Characteristic function 

Here we define characteristic functions of double cosets K \ G /K and formulate 
some theorems. Proofs arc in the next section. 

4.1. Construction. Consider the group 

GL(a + fcoo, Q p ) := lim GL(a + kj,Q p ). 

j'-s-oo 



Let g G GL(a + koo, Q p ) actually be contained in GL(a + km, Q p ), 

e GL(a + km,Q p ). 



(a b\ 
a du 



\Ck dki 
We write the following equation 



dkk/ 



(v+\ 




/a 


h ■ 


• b k 












Cl 


du . 


■ dik 








vi 




Cfe 


dki ■ 


dkk 








V 










. 


fa 


h 


V\ 










. 


Cl 


du 



\y k J \o o 



o 




b k \ 

dik 



.+ 



\c k d k i ■■■ d kk ) J \ x k/ 



(4.1) 



(4.2) 
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Here u ± , v ± £ Q£ and xf, yf £ Q™. 
Next, we define 3 spaces, V, H, £ m : 

1) Denote V := Qp* © Q^. We regard u = u + © u~ , v = v + © v~ as elements 
of V. Equip V with the standard skew-symmetric bilinear form 



-1 



2) Denote 



H := H+ ®H~ = Q£ ©Q^ (4.3) 
and equip this space with the standard skew-symmetric bilinear form. 

3) Denote by £ m the space Q™ equipped with the standard symmetric bilin- 
ear form [z, w) = J2 z j w j- We regard x^ , as elements of this space. 



Consider the tensor product H ©q p £ m , vectors 



(4 



Vk Vi 



Vk 



are regarded as elements of H © £ m . We equip H © l m with the tensor product 
of bilinear forms, this form is a skew-symmetric with matrix 



/ 








lm 





\ 










. 








- 1 777 





. 







V 





1 111 


. 





/ 



Thus the operator in (|4.2j) is an operator 

V © (H © l m ) -> V © (H ® t m ) 

preserving the skew-symmetric bilinear form. 

For any self-dual module Q C H we consider the self-dual module 

Notice, that Q © O™ is a direct sum of m copies of Q. 

Definition 4.1 Fix self-dual submodules Q, T C if. M^e define a relation 

Xg (Q,T):V^V 

as the set of all u(Bv €V (BV for which there exist x G Q <g> O™, y € T © O™ 
sucft iftai (|4.2p holds. 

Definition 4.2 We saj/ i/iai some property of a double coset holds in a general 
position if for every sufficiently large m the set of points g 6 GL(a + km,Q p ), 
where the property does not hold, is a proper algebraic submanifold in GL(a + 
km,Q p ). 
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4.2. Basic properties of characteristic functions. 
Lemma 4.3 x 9 (Q,T) does not depend on a choice of m. 

Theorem 4.4 If gx, g2 are contained in the same double coset K \ G/K, then 

Xgi (Q,T)= Xa2 (Q,T). 

Thus, for any double coset g G K \ G/K we get a well-defined map 
X B : LMod(ff) x LMod(ff) ->■ {space of relations V v\. 
Therefore, we can write 

X B (Q,T), where g G K \ G/K. 
We say that Xs('? ') is the characteristic function of the double coset q. 
Theorem 4.5 x (Q,T) G Naz(V, V). 
Theorem 4.6 The following identity holds 

X 3 *i,(Q,T) = X B (Q,T) X t,(Q,T), 
in the right-hand side we have a product of relations 

4.3. Refinement of Theorem 14.51 Fix a double coset q. Substituting 
x ± = 0, y ± = to the equation (|4.2[) . we get an equation for u © v G V © V. 
The explicit form (see equation (|5.3|1 ) is 

for all j 
for all j 

Denote by A(g) C V © V the linear subspace of solutions of this system. 
Notice that 

kerA(g)=0, indefA(g)=0 

(since g is an invertible matrix). 

For g being in a general position A(g) = 0. 

Proposition 4.7 a) For any self-dual Q, T G LMod(iJ), 

X B (Q,T)iDA( S ), ^(Q^fcAlg) 1 . 
b) -tf Q; T are self-dual lattices, then 

Xfl (Q,T) i = A( ), x 3 (Q,T)^ = A(g) ± . 
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Figure 2: A reference to Subsection 14.51 A product of two simplices and addi- 
tional arrows. 

Corollary 4.8 For q being in a general position, we get a map 
LLat(ff) x LLat(if) -> LLai(V®V). 

4.4. Values of characteristic functions on the distinguished bound- 
ary. 

Theorem 4.9 Let Q, T range in the Lagrangian Grassmannian LGr(_ff). Then 

a) X B (Q, T) is a Lagrangian subspace in V © V. 

b) The map 

X B : LGt{H) x LGr(iJ) -> LGr(V © V) 

is rational. 

c) For q being in a general position, Xg(Q: T) G Sp(l / , Q p ) a.s. on hGr(H) x 
LGt(H). 

A precise description of the subset of K \ G/K, where the last property 
holds, is given below in Subsection 15.81 

There is a more exotic statement in the same spirit. 

Proposition 4.10 For all g for almost all {Q,T) e LGt(H) x LGr(iJ), the 

condition (u + ffi u~) © (w + © v~) £ Xb(QtT) can be written as an equation 

there Z{Q,T) is a symmetric matrix. 

4.5. Extension of characteristic function to buildings. Next, we can 
apply the definition of characteristic function to almost self-dual lattices Q, T. 



1G 



Figure 3: A reference to Subsection 14.51 A morphism of oriented graphs 



Proposition 4.11 If Q, T are self-dual modules, then Xg(Q,T) is almost self- 
dual. 

Now we construct an oriented graph A(H x H). Vertices are ordered pairs 
(Q,T) of almost self-dual lattices in H. We draw an arrow from (Q,T) to 
(Q', T') if QdQ',TdT'. 

Consider the product of simplicial complexes Bd(-ff) x Bd(-ff). It is polyhe- 
dral complex, whose strata are products of simplices. Two vertices (Q,T) and 
(Q 1 , T') are connected by an arrow if Q D Q' and T = V or Q = Q' and T D T' . 
However, we have draw more arrows, this provides a simplicial partition of each 
product of simplices (see, e.g., [S])- Finally, we get a 2fc-dimensional simplicial 
complex Bd(H x H) (it also is a subcomplex of the complex Bd(ff © H)). 

Let ^> be two oriented graphs, assume that number of edges connecting 
any pair of vertices is ^ 1. We say that a map a : Vert($) — > Vert ('I') is a 
morphism of graphs if for any arrow a — s> b in $ we have u(a) — <j{b) or there is 
an arrow cr(a) — > o~(b). 

Theorem 4.12 A characteristic function Xg is a morphism of oriented graphs 

A(H x H) A(V V). (4.4) 

Remark. Let oi, ... a; be vertices of a simplex of the complex Bd(H x H). 
Therefore their images c\ , . . . c; are contained in one simplex of the complex 
Bd(l^ © V) (some vertices can coincide). Therefore we can extend our map to 
afhne map of simplices. In this way we get a piece- wise afSne map of simplicial 
complexes 

Bd(H n H) -4- Bd(V © V). 

4.6. Continuity. 

Theorem 4.13 Let Qj, Q, Tj, T be almost self-dual modules. If Qj Q, 
Tj /*• T , then 

Xg{Qj,T. } ) / X5 {Q,T). 

Notice that characteristic function can be discontinuous with respect to the 
Hausdorff convergence. Moreover, the restriction of Xg to LGr(iJ) x LGr(iJ) 
can be discontinuous in the topology of Grassmannian. 
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4.7. Involution. 

Proposition 4.14 Ifu®v E Xe(Qi T )> then Xg*(T,Q)- 

4.8. Additional symmetry. For a nonzero A € Op = Q p \ 0, we define an 
operator M(A) in _ff given by ^ A^ 1 )' ^ same s y mD °l we denote the 

"—(2 /-)■« 

Theorem 4.15 

Xs (M(X)Q,M(X)T) = M(A- 1 ) XB (Q,T)Af(A). 

4.9. Another semigroup of double cosets. Now consider the group 
G = Sp(2a + 2fcoo,Qp) of symplectic matrices ^ consider its subgroup 

GL(a + fcoo,Op) consisting of matrices ^ ^t-i\ consider the same K = 

0(oo, O p ) C GL(a+fcoo, Op)- Consider the semigroup of double cosets K\G/K. 
We define characteristic function xg(Q,T) in the same way, in formula (|4.2p 

instead the matrix ^ g*~^) W6 wr ^ e a svm pl ec tic matrix ^ ^ £ Sp(2a + 
2fcoo,Q p ). 

Theorem 4.16 i/ie statements of this section hold for Xg(Q \T) except The- 
orem l4~T5l 



5 Proofs 

5.1. Independence of representatives. To shorten expressions, set k = 2. 
Let h £ 0(m, O p ), let be given by (|2.1[) . Then characteristic function of 
g3(h) is determined by 
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\hx 2 J 
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hx 2 and come to the equation for 



We introduce new variables xf — hx 1 , xf 
X g - Notice that modules Q ®o p are invariant with respect to 0(m, O p ). 

5.2. Reformulation of definition. The equation (14. 2[) determines a linear 
subspace in 

(V © (i? ® * m )) © (V © (h ® 4 

We regard it as a linear relation 



Then x fl is the image of the submodule 

r? Q) T = (Q ®o P O") © (T ® 0p O™) 

under £. 

5.3. Immediate corollaries. The relation £ is a morphism of the category 
Naz. A module ?7q,t is self-dual. Therefore £ ?7q,t is almost self-dual Theorem 
14.51 is proved. 

The same argument implies Theorem I4.9l a and Proposition 14. Ill 
Also Lemma T4.3I became obvious. 

5.4. Continuity (Theorem I4.13| ). We calculate the product £ VQ,t ac- 
cording Subsection l3.7l By Lemma I3~2l both steps of calculation are continuous. 

5.5. Products. Proof of Theorem 14.61 To shorten notation, set k = 2. 

Let 



'a b\ 62 
ci dn di2 

,C2 d,21 d,22/ 



£ GL(a + 2l, 



V 6i 6 2 \ 
c'i d'n d 'i2 6 GL(a + 2m, 



vC2 



Let « © w 

y 6 T ®o P C 



e x fl (Q,T), u 

)™ such that 



v G Xf,(Q,T). Then there are x £ 



"p p 



fv+\ 




fa' 




b'. 
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fu+\ 
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d'y. 
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vt 
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Vi 
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1 J 










\o 










d 21 
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\ X 2/ 



(5.1) 



Also there are X € Q < 



fw+\ 

Y 2 + 
w 

Yx 
\Y 2 ~J 



fa 

Cl 
C2 
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Y e T< 
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d 2 2 






such that 




(5.2) 
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Applying (15.11) we come to 



We write (JOJ) as 
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vt 
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Y L 
Vi 
Y 2 ~ 
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d'22' 



X 
x 
X 
x 
u 
X 
x 
X 
\x 



Now 

x®x g Q 8(rf p eo;), 

and we get u © w G Xg*f)(Qi T). Thus, 




■1 
.+ 

-+ 

'2 
,+ 
2 



1 

.+ 

-2 

2 J 



Y®y G T (g)(0)' ©O"), 



x s *t,(Q,T) d Xb (Q,t)xi,(Q,t). 

But both sides are self-dual, therefore they coincide. 

5.6. Morphism of graphs (Theorem I4.12| ). Consider the map 

LMod(ff) x LMod(£0 ->■ LMod(i/ © t m ) x LMod(i7 i m ) 

given by (Q, T) ^ (Q ® Qp O™, P ®o p O™). 

Lemma 5.1 T/ijs map is a morphism of graphs 

A{H n H) — > A((H®£ m ) x {H®(. m )). 
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This statement is obvious. 

Next, we have an embedding of complexes 

Bd((H®£ m ) m {H®i m )) ^Bd((H> 



On the other hand, the linear relation £ is a morphism of the category Naz. 
Therefore it induces a morphism of graphs /±.({H®£ m )®{H®i m )) -> A(V©V), 
see [22], Proposition 10.7.6. 

5.7. Proof of Proposition [4771 We have 

indef £ = A(g). 

Therefore A(fj) C £t7q,t C A(jj) . This is the statement a) of Proposition 14. 71 
Also, if R is a relation V =4 W, Y C V is a lattice, then (-RY")^ = (indef Kj^. 
This implies b). 

5.8. Values on the distinguished boundary. Now let Q, T be La- 

grangian subspaces in H. 

First, we prove Proposition 14. 101 A Lagrangian subspace Q C H of general 
position is a graph of an operator H + — > H~, and matrix of this operator is 
symmetric (see, e.g., [35], Theorem 3.1.4). To shorten notation, set k = 2. The 
equation (I4.2[) can be written in the form 



(5.3) 
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922 y^/ 



We denote 



and write (15.31) as 



'7n 

'712 



512 
922 



in 

tl2 



tl2 
t22 



V 

y + 

u~ 

TX^ 



-dx + 
+ c l >cy + 



au 
cu 



(5.4) 
(5.5) 
(5.6) 
(5.7) 



We regard lines (I5.5[) . (|5.7[) as a system of equations for x + , y + . The matrix of 
the system is 

n(*,r) = (- r d 

Evidently, the polynomial detf2(>r, t) is not zero. Indeed, fix x and take 
t = p~ N -1. If TV is sufficiently large, then the determinant is ^ 0. Thus, 
outside the hypersurface 

detf2(x,r) = 
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we can express x + and y + as functions of u + , v . After substitution of x + , y^ 
to (|5.4p . (|5.6p , we get a dependence of u~ , v + in u + , v~ . 

This also proves Theorem 14. 91 b (rationality of characteristic function). 

Next, we prove Theorem I4.9l c. Denote 



and write the equation (|4.2I) in the form 
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cu + + dx^ 

T + C l TX^ 



D 1 tx a 



We consider lines (15. 9[) . (|5 . 11 1) as equations for y" 1 
system is 



Its determinant equals 



(5.8) 
(5.9) 
(5.10) 
(5.11) 

The matrix of the 



det E(x, r) = det(-D t r + xd) 



If it is nonzero, we get a linear operator u i— > v. We come to the following 
statement 



Proposition 5.2 // there exists a pair of symmetric matrices x, t such that 
det(-L>*r + xd) £ 0, then X B (Q,T) e Sp(V,Q p ) a.s. on LGr(H) x LGr(iT). 



5.9. Involution. Proof of Proposition 14.141 We write the defining 
relation for Xg- 1 ; 
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represent this in the form 



x + 




fa 


b 




c 


d 


u~ 














Vo 










a b 

c d 



and come to desired statement. 
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5.11. Another reformulation of the definition. Consider the space 
W = V © (H (g) £ ro ). For any self-dual submodule Q C H, consider the linear 
relation A : V =3 W defined by 

Aq = ly © (Q ® O m ) c (V © V) © (Q © £ m ). 

Then Xg is a product of linear relations 



Xs (Q,T) = (A T ) 



a 19 






,t-l 



Ar 



6 Multiplicativity theorem 



Theorem l2.2l (multiplicativitv theorem) formulated above is a representative of 
wide class of theorems, their proofs are standard, below we refer to proofs [16] . 
Chapter VIII. 

6.1. Corners of orthogonal matrices. 

Lemma 6.1 Let A be a m x m matrix with elements G O p . Then there exists 
N and a matrix G 0(m + N,O p ). 

Proof. Denote by B m the set of all possible m x m left upper corners of 
matrices g G O(oo, O p ). 

1) The set B m is closed with respect to matrix products. Indeed, let 

(c d) eO(m + 7V,O p ), (g, eO(m + N',O p ). 
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Then 



A 


B 


0' 


C 


D 















' AA' 



G 0(m + N + N',O p ). 



2) If A G B m , A' e B„, then G B 

3) It is more-or-less clear that for any z £ O p we have 



G B 2 . 



4) B m contains matrices of permutations. 

Now we can produce any matrix with integer elements. □ 

6.2. Admissible representations. Denote by K m the subgroup in K 

(\ 0^ 

consisting of matrices of the form ™ 

\ *J 

Let r be a unitary representation of K in a Hilbcrt space H . Denote by H(m) 
the subspace of K m -fixed vectors. Denote by P(m) the operator of orthogonal 
projection to H{m). We say, that r is admissible if U m H(m) is dense in H. 

We say, that a representation of G is K- admissible if its restriction to K is 
admissible. 

6.3. Continuation of representations. Denote by B^ the semigroup of 
all infinite matrices A such that: 

a) dij G O p ; 

b) for each i the sequence ay tends to as j — > oo; for each j the sequence 
dy tends to as i — > oo. 

We say that a sequence of matrices £ weakly converges to A if we 
have convergence of each matrix element, (iff — > a,ki- 

Denote by 0(oo,O p ) the group of all orthogonal matrices G B M . 

Lemma 6.2 The group 0(oo,O p ) is dense in 0(oo,O p ) and in Boo. 

PROOF. Let S G B^. Consider its left upper corner of size m x m. Consider 
g m G 0(oo,O p ) having the same left upper corner. Then g m weakly converges 
to 5, □ 

Theorem 6.3 a) Let r be a unitary representation of K = 0(oo,O p ). The 
following conditions are equivalent: 

— t is admissible; 

— t admits a weakly continuous extension to the group 0(oo,O p ); 

— r admits a weakly continuous extension to a representation r of the semi- 
group Boo such that f{A t ) = t(A)* , \\t(A)\\ < 1 for all A. 
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b) For an admissible representation t, 

P(m)=r( 1 - 1 

This is a statement in the spirit of [53]. We omit a proof, since it is a one- 
to-one repetition of proof of |16j . Theorem VIII. 1.4 about symmetric groups 
(admissibility implies semigroup continuation), the only new detail is Lemma 
6.11) . Admissibility follows from continuity by [16], Proposition VIII. 1.3. 



Corollary 6.4 Denote 



N 



Am o \ 

o o i N o 

liv 

V o o o loo/ 



XTie projector P(m) is a weafc iiroii o/ £/ie sequence 



P(m) = Jim r(9^ l) ). (6.1) 



AT- 



Proof. The sequence G 0(oo, O p ) weakly converges to the matrix 



<E Bqo. We refer to the statement b) of the theorem. □ 



lm N 

o y 

6.4. Proof of Theorem 12.21 We keep the notation of Subsection 12.31 Let 
e # K , g eGj = GL(a + km, Q p ), let q € K,. Then 



p(q)p(g)v = p{g)p(q)h = p(g)h, 

i.e., v 6 H{j). Thus the subspace UjH(j) is G-invariant. Its closure is an 
admissible representation of G. In (\JjH(j)\ Theorem 12.21 holds by a trivial 
reason (the space of fixed vectors K is zero) . 

Thus, without loss of generality we can assume that p is admissible. 

Now let g, h S G, let g, f) € K \ G/K be the corresponding double cosets. 
Let P = -P(O) be the projector to K-fixed vectors. Applying Corollary 16. 41 we 
obtain 

p(g)p(h) = Pp{g)P P {h) = Urn Pp{g)p(3{Q% ) ))p{h) = lim Pp(g3(Q N )h), 



iv — >oo A 7 - 



here 3 : K — > G is the embedding (|2.1j) . By the definition (©^ is 9jy from 
Subsection l2.3[) . we get p(rj * [)). 

6.5. Variation of construction. Train. We can define multiplication of 
double cosets 

K p \ G/K q x K q \ G/K, r -> K p \ G/K r , 

in definition of product of double cosets fSubsection l2.2[) . we simply change 9^ 
by 0^. An explicit formula of the product is the same (I2.3[) . Thus we get a 
category (train T(G, K) of the pair (G, K)). 
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Next, for any unitary representation p of the group 0, a double coset q G 
K p \ G/K g determines an operator : H(r) — > H(q) by the formula 

:= P{q)p{9), 9 e 0. 

For any 

G K p \ G/K 9 f) G K g \ G/K r , 
the following identity holds 

P(fl)p(f)) = P(fl*l)), 

i.e., we get a representation of the category T(G, K). 

Also it can be shown that this construction is a bijection between the set of 
K- admissible ^representations of G, the proof is the same as in |20j . 

Also a construction of characteristic functions and their properties survive 
for double cosets K p \ G/K g . 



7 Representations of G 



7.1. Existence of representations. Let 



(a bi 

ci dn 



dik 



e GL(a + koo,Q p ). 



\Ck dki ... dkkj 
Consider embedding GL(q + fcoo, Q p ) — > Sp(2(a + fcoo), Q p ) given by 



9 




For any 



Tl2r 



\T2nl ■■■ "Tln-ln, 

consider the matrix <j(r) — l2 Q © (r <S> loo), 



cr(r) 



/la 

r u • l e 




\0 rn-l c 



G S P (2fc,Q p ) 



\ 

ru • 1 

la 

rife -loo/ 



This matrix is not contained in Sp(2(a + fcoo) 
However, the map 

q i — y (r(r _1 ) qa(r) 



because it is not finite. 

(7.1) 
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is an automorphism of Sp(2(a + fcoo), Qp). Emphasize that this automorphism 
fixes the subgroup K = 0(oo,O p ). 

We consider the representation p(r) of GL(a + fcoo, Q p ) given by the formula 

p r ( ff )=We(a(r- 1 ) t ( ff )a(r)), 

where We(-) is the Weil representation, see Subsection 13. 121 
Recall that the Weil representation is projective. 

Lemma 7.1 The representation p r is equivalent to a linear representation, i.e., 
there is a function (a trivializer) 7 : G — > C x such that r y(g)p r (g) is a linear 
representation. Moreover, we can choose j(g) — 1 on 0(oo,O p ). 

Proof. First, the restriction of the Weil representation of Sp(2n, Q p ) to 
GL(n, Q p ) is linear, see (|3.3[) . Therefore, restricting the Weil representation 
to each finite-dimensional group Gj — GL(a + kj,Q p ) we get a representa- 
tion equivalent to a linear representation (for finite-dimensional groups the 
automorphism (|7.1[) is inner). Denote by 7j(g) the trivializer for Gj. Ratio 
7(5)^/7(3)^+1 °f two trivializers is a character Gj — > C x . All characters of 
Gj — > C x has the form (p(deth), where (p is a character Q x — > C x . Correcting 
77+1(3) ^ 7j+i(3)^(detg), we can assume that Jj+i{g) = Jj(g) on Gj. 

In this way we choose a trivializer 7 on the whole group G. Restriction of 
7 to O(oo, O p ) must be a character on O(oo, O p ) — » C x . The only non-trivial 
character is det(w). We change the trivializer 7(g) to det(g)^(g). □ 

Lemma 7.2 In the model of Subsection [3~T2l the subspace L 2 (£ a +koo) K o/K- 
fixed vectors of p r coincides with the space of functions of the form 

f(zi, z a )I(z a+1 )I(z a+2 ) . ■ . 

Proof. Without loss of generality, we can set a — 0. We regard Skoc as 
the space of 00 x k matrices Z = {zij} with elements in Qp (all but a finite 
number of matrix elements are in Op). The group K = 0(oo,O p ) acts by left 
multiplications 

We(u)f(Z) = f{Zu). 
We must show that Yiij H z ij) i s a unique 0(oo, O p )-invariant function in 

The group O(oo, O p ) contains the group S(o6) of finite permutations of the 
set N. According zero-one law (see, e.g., [31], §4.1), the action of S(oo) on the 
set Op°° C £koo is ergodic. Let Q C £koo be an invariant set. Let £ £ £fcoo\Op°°. 
Assume that the measure of the set f2 fl O p °° is non-zero, say Vq. Since Q, is 
S'(oo)-invariant, for any s £ 'S'(oo), the set fin (£s + Op°°) has the same measure 
fo- However there is a countable number of disjoint sets of the form £s + O^ 00 , 
therefore the measure of fi is infinite. □ 

Corollary 7.3 Let a = 0. Then the representation p r contains a unique irre- 
ducible K.-spherical representation of G. 
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Proof. We take the G-cyclic span of the unique K-fixed vector. □ 
Next, consider the subgroup GL(l,Q p ) C Sp(2fc,Q p ) consisting of matrices 
A-l fc 



i, A ' . lfe y. where AG ^ 

Lemma 7.4 If r, r' are contained in the same double coset 
GL(1, Q p ) \ Sp(2fc, Q p )/S P (2fc, O p ), 

then p r ~ p r i . 

Proof. First, if q e GL(l,Q p ), then the automorphism (|T. 1 [) fixes the 
subgroup GL(a + fcoo, Q p ). 

Second, if t £ Sp(2fc, O p ), then a(t) is contained in the group Sp of automor- 
phisms of the infinite object of the Nazarov category. Therefore the operator 
We(a(t)) is well-defined, it intertwines p r and p rt . □ 

7.2. Characteristic functions and representations. By Lemma 17.21 
we can identify the space of K-fixcd vectors of p r and the space of the Weil 
representation of Sp(2a,Q p ). 

Theorem 7.5 The representation of the semigroup K \ G/K in the space of 
K.-fixed vectors of p r is given by the formula 

p r (3) = s-We( XB (r0 2 p k ,rOl k )), s e C x . 

Proof. We use the notation and statements of Subsection l3.12l Let V and 
H be the same as in Section 4. Let Y = \2k00, W = V ®Y The operator of 
projection H(V © Y) to H(V © Y) K ~ H(V) is We(^). Therefore 

p(&) = s' ■ We(C)We( ( r(r- 1 ) t ( 3 )a(r))We(^) 

as an operator L 2 (8 a+ hoo) K — > £ 2 (£ a +fcoo) K - The operator 

We(A{^) : L 2 (Q;) -> L 2 (£ a+koo ) 

is an operator of isometric embedding, the image is H(V © V2feoo) K - Therefore 
we can write p(g) as 

75(g) = s" ■ We(A^)*We(^)We(a(r- 1 ) l ( 5 )a(r))We«)We(A^) = 
= s" ■ We(A^)*We(a(r- 1 ) t ( 3 )a(r))We(A^) = 



•We 



(A^)V(r- 1 ),( 3 )a(r)A^ . (7.2) 



Next, <x(r)A^ : V =$ V © Y is a direct sum of l v C V © V and the lattice in 1" 
given by 

a(r)Y(0) = a{r)(H(0) ® O 00 ) = (rif (©)) ® O 00 ). 
We apply Subsection 15.111 for the expression in square brackets in (|7.2j) . 
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7.3. Constructions of representations. Now we extend the previous 
construction. Consider the embedding 



given by 



H : GL(a + fcoo, Q p ) ->■ Sp(22a + 2Zfcoo, Q p ) 
(g ... ... \ 



.9 ^ 








.9 

5 





t-1 










9 U J 



This is a 21 x 2Z block matrix, each block of this matrix has size (a + fcoo) x 
(a + fcoo). 

Next, for a matrix r £ Sp(2fc/, Q p ) we take 

o-(r) := l 2a i © (r® loo) 

and consider the representation of GL(a + fcoo,Q p ) given by 

p r (g)=We(a(r)-h l (g)a(r)). 

Set a = 0. As above, each representation p r of G = GL(fcoo,Q p ) contains a 
unique K-spherical subrepresentation. 

Conjecture 7.6 Any K-spherical representation o/GL(fcoo,Q p ) is a subrepre- 
sentation in ip(det(g)) p r {g), where (p : Q p — > C x is a character. Representa- 
tions p r are parametrized by the set 

(J GL(Z, Q p ) \ S P (2fcZ, Q p )/S P (2fc/, O p ). 
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